Ensemble inequivalence in the Blume-Emery-Griffiths model near a fourth
  order critical point by Prasad, V. V. et al.
Ensemble inequivalence in the Blume-Emery-Griffiths model near a fourth order
critical point
V. V. Prasad,1 Alessandro Campa,2 David Mukamel,1 and Stefano Ruffo3
1Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot 7610001, Israel
2National Center for Radiation Protection and Computational Physics,
Istituto Superiore di Sanita`, Viale Regina Elena 299, 00161 Roma, Italy
3SISSA, INFN and ISC-CNR, Via Bonomea 265, I-34136 Trieste, Italy
(Dated: August 22, 2019)
The canonical phase diagram of the Blume-Emery-Griffiths (BEG) model with infinite-range
interactions is known to exhibit a fourth order critical point at some negative value of the bi-
quadratic interaction K < 0. Here we study the microcanonical phase diagram of this model for
K < 0, extending previous studies which were restricted to positive K. A fourth order critical point
is found to exist at coupling parameters which are different from those of the canonical ensemble.
The microcanonical phase diagram of the model close to the fourth order critical point is studied in
detail revealing some distinct features from the canonical counterpart.
I. INTRODUCTION
Long-range interacting systems have gained consider-
able attention, due to their unusual characteristics when
compared with the widely studied systems with short
range interactions [1, 2]. By long-range interacting sys-
tems, one refers to cases where the two-body interac-
tion potential between degrees of freedom decays alge-
braically with the distance r as 1/rd+σ, where d is the
spatial dimension and σ ≤ 0. Such systems, for which
the energy and other thermodynamic potentials are non-
additive, are rather widely spread in nature, including
self-gravitating systems (d = 3, σ = −2) [3, 4], interact-
ing geophysical vortices (d = 2 and logarithmic interac-
tion) [3], dipolar interactions in ferroelectrics and ferro-
magnets ( d = 3, σ = 0) [5], and in plasmas [6] to name
a few. The case σ = −d corresponds to infinite-range,
mean-field interaction, which has conveniently been used
to study various features of long-range interacting sys-
tems.
The non-additive nature of the interactions in long-
range systems makes them rather different from the more
commonly studied systems with short-range interactions,
resulting in number of non-trivial features such as in-
equivalence of different ensembles [7, 8]. For example
one finds that in these systems the entropy needs not be
a concave function of energy, which implies a negative
specific heat in the microcanonical ensemble. This is in
contrast with what is obtained in the canonical ensem-
ble. In addition at first order phase transitions the tem-
perature displays a discontinuity in the microcanonical
ensemble, a feature which is clearly absent in the canon-
ical ensemble. Similar features are found when grand-
canonical and canonical ensembles are compared [9]. The
lack of additivity results in the presence of non-convex
domains in the parameter space of accessible thermody-
namic variables and in breaking of ergodicity [10, 11].
Various other interesting effects have been predicted in
the relaxation of certain long-range systems to their final
equilibrium state, where the system approaches interme-
diate long lived ‘quasi-stationary states’ before reaching
equilibrium [12–15].
A simple paradigmatic model in which properties of
systems with long-range interactions have been studied
and ensemble inequivalence has been demonstrated is
the Blume-Emery-Griffiths (BEG) model, introduced to
study the phase separation and transition to super fluid-
ity in He3 − He4 mixtures [16]. This is a spin-1 lattice
model with both bilinear and biquadratic spin-spin inter-
actions. In the case of infinite-range interactions, where
every spin interacts with every other spin with the same
coupling constants (σ = −d), the Hamiltonian of the
model can be represented as:
H = ∆
N∑
i=1
S2i −
J
2N
(
N∑
i=1
Si
)2
− K
2N
(
N∑
i=1
S2i
)2
, (1)
where each spin Si takes one of the values {−1, 0, 1}. The
parameter ∆ controls the energy difference between the
ferromagnetic (Si = ±1) and the paramagnetic (Si = 0)
states, J > 0 is a ferromagnetic coupling and K is a
biquadratic coupling which could have either sign. Even
though each spin interacts with every other spin, the scal-
ing J/N and K/N makes the energy extensive (although
not additive). Without loss of generality one may take
J = 1.
The canonical phase diagram of the model (1) has been
shown to display unique features at different domains of
model parameters [16–20]. For fixed K ≥ 0 the (∆, T )
phase diagram exhibits a ferromagnetic ordered phase at
small values of T and ∆, and a paramagnetic disordered
phase, otherwise. However some qualitative features of
the phase diagram are modified as K increases, as shown
in Fig. 1. At small K the transition line between the two
phases changes character from continuous (solid black)
to first order (dashed red) at a tricritical point (green
dot). At higher values of K [21], another first order line
emerges, separating two disordered phases. The two first
order lines meet at a triple point where the two disordered
phases coexist with the ordered one [See Fig. 1 (B)]. For
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2even larger K values, the tricritical point becomes a crit-
ical end point [See Fig. 1 (C)] and the continuous branch
of the transition line terminates at the intersection with
the first order line.
The canonical phase diagram for K < 0 has also been
addressed [18, 20]. It has been shown that while at small
K the phase diagram is qualitatively similar to the K = 0
one (with first and second order lines joining at a tricrit-
ical point), at some particular value of K the tricritical
point becomes a fourth order one. Beyond that value,
the phase diagram becomes rather different from that of
positive K. While the second order line terminates at the
first order one at a critical end point (as in the K > 0
regime), the first order line enters into the ordered phase
separating two distinct ferromagnetically ordered phases
(see Fig. 2).
The microcanonical phase diagram was studied for the
model for K = 0 [22] and for K > 0 [21], illustrating the
inequivalence between the two ensembles. It has been
demonstrated that while the two ensembles have a com-
mon critical line at small values of K, the two ensem-
bles yield distinct phase diagrams in the region where
the canonical transition is first order. In particular the
microcanonical tricritical point is located at a different
point in the phase space of the model. Detailed studies of
the phase diagram in the vicinity of the tricritical point
show that the microcanonical first order line does not co-
incide with its canonical counterpart, and that it involves
temperature discontinuity, which is of course missing in
the canonical treatment. Furthermore, analysis of large
positive values of K reveals a wealth of different features
in the phase diagrams of the two ensembles [21].
In the present paper we extend the study of the mi-
crocanonical phase diagram of the infinite range BEG
model to negative values of the parameter K where a
fourth order critical point has been found in the canon-
ical phase diagram. As is usually the case, a high order
critical point determines the topological features of the
phase diagram around it and the way the various phase
transition manifolds join together. These topological fea-
tures tend to persist in quite a broad range of the model
parameters, making a study of this point of particular
interest. The fact that the canonical phase diagram of
this model exhibits a fourth order critical point at some
negative value of K suggests that such a point may also
exist in the microcanonical phase diagram as well, which
would enable one to make a detailed comparison between
the phase diagrams of the model obtained in the two en-
sembles. We find that indeed the microcanonical phase
diagram exhibits a fourth order critical point at nega-
tive K, located at a different point in phase space as
compared with the canonical one. We analyze the global
features of the microcanonical phase diagram and discuss
the way the inequivalence between the two ensembles is
manifested in this parameter region.
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m = 0
<latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95 hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIc c5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95 hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIc c5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95 hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIc c5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95 hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIc c5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit>
m 6= 0
<latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxh fUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xY rtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcp RkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxh fUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xY rtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcp RkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxh fUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xY rtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcp RkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxh fUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xY rtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcp RkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit>
 
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj Ug8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJX p6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQh TuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj Ug8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJX p6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQh TuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj Ug8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJX p6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQh TuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj Ug8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJX p6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQh TuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>
T<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuH FZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBU cUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8 zx84xIo4</latexit><latexit sha1_base64="fhq8dOnV0h4LoAD0fUyX6DF+75k=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuH HZQl/QlpJJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+99eYWd3b/+geFg6Kh+fnFbOym2bZEZgSyQqMd2QW1RSY4skKeymBnkcKuyE04dF3nlGY2WimzRLcRDzsZaRFJyc1WgOK1W/5i/FtiFYQxXWqg8rX/1RIrIYNQnFre0Ff kqDnBuSQuG81M8splxM+Rh7DjWP0Q7y5aBzduWcEYsS444mtnR/v8h5bO0sDt3NmNPEbmYL87+sl1F0N8ilTjNCLVYfRZlilLDF1mwkDQpSMwdcGOlmZWLCDRfkuim5EoLNlbehfVML/FrQ8KEIF3AJ1xDALdzDI9ShBQIQXuAN3r0n79X7WNVV8Na9 ncMfeZ8/nI+LhQ==</latexit><latexit sha1_base64="fhq8dOnV0h4LoAD0fUyX6DF+75k=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpuH HZQl/QlpJJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSdMlbTk+99eYWd3b/+geFg6Kh+fnFbOym2bZEZgSyQqMd2QW1RSY4skKeymBnkcKuyE04dF3nlGY2WimzRLcRDzsZaRFJyc1WgOK1W/5i/FtiFYQxXWqg8rX/1RIrIYNQnFre0Ff kqDnBuSQuG81M8splxM+Rh7DjWP0Q7y5aBzduWcEYsS444mtnR/v8h5bO0sDt3NmNPEbmYL87+sl1F0N8ilTjNCLVYfRZlilLDF1mwkDQpSMwdcGOlmZWLCDRfkuim5EoLNlbehfVML/FrQ8KEIF3AJ1xDALdzDI9ShBQIQXuAN3r0n79X7WNVV8Na9 ncMfeZ8/nI+LhQ==</latexit><latexit sha1_base64="yppBn3Yyl0gJ9okUQ51pTKoviOs=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5sTBm0sU wgX5AcYW8zl6zZ2zt294Rw5BfYWChi60+y89+4Sa7QxAcDj/dmmJkXJIJr47rfTmFre2d3r7hfOjg8Oj4pn551dJwqhm0Wi1j1AqpRcIltw43AXqKQRoHAbjC9X/jdJ1Sax7JlZgn6ER1LHnJGjZWarWG54lbdJcgm8XJSgRyNYflrMIpZGqE0TFCt+ 56bGD+jynAmcF4apBoTyqZ0jH1LJY1Q+9ny0Dm5ssqIhLGyJQ1Zqr8nMhppPYsC2xlRM9Hr3kL8z+unJqz5GZdJalCy1aIwFcTEZPE1GXGFzIiZJZQpbm8lbEIVZcZmU7IheOsvb5LOTdVzq17TrdTv8jiKcAGXcA0e3EIdHqABbWCA8Ayv8OY8Oi/O u/Oxai04+cw5/IHz+QOuaYzU</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8 cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte 56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx 3p2PZWvByWdO4Q+czx+vqYzY</latexit>
K > K2
<latexit sha1_base64="vMA/+/JEr3sgS4klvvySwD6xFMc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR 9CRFL0IvFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XbW1jc2t7YLO8Xdvf2Dw9LRcVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6G7mt55QaZ7IRzNOMYjpQPKIM2qs5Ndv6r1qr1R2K+4cZJV4 OSlDjkav9NXtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mxU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+RRuCt/zyKmlWK55b8R4uy7Xb PI4CnMIZXIAHV1CDe2iADww4PMMrvDnSeXHenY9F65qTz5zAHzifP+QCjhE=</latexit><latexit sha1_base64="vMA/+/JEr3sgS4klvvySwD6xFMc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR 9CRFL0IvFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XbW1jc2t7YLO8Xdvf2Dw9LRcVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6G7mt55QaZ7IRzNOMYjpQPKIM2qs5Ndv6r1qr1R2K+4cZJV4 OSlDjkav9NXtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mxU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+RRuCt/zyKmlWK55b8R4uy7Xb PI4CnMIZXIAHV1CDe2iADww4PMMrvDnSeXHenY9F65qTz5zAHzifP+QCjhE=</latexit><latexit sha1_base64="vMA/+/JEr3sgS4klvvySwD6xFMc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR 9CRFL0IvFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XbW1jc2t7YLO8Xdvf2Dw9LRcVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6G7mt55QaZ7IRzNOMYjpQPKIM2qs5Ndv6r1qr1R2K+4cZJV4 OSlDjkav9NXtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mxU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+RRuCt/zyKmlWK55b8R4uy7Xb PI4CnMIZXIAHV1CDe2iADww4PMMrvDnSeXHenY9F65qTz5zAHzifP+QCjhE=</latexit><latexit sha1_base64="vMA/+/JEr3sgS4klvvySwD6xFMc=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR 9CRFL0IvFUxbaEPZbCft0s0m7G6EUvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDAVXBvX/XbW1jc2t7YLO8Xdvf2Dw9LRcVMnmWLos0Qkqh1SjYJL9A03AtupQhqHAlvh6G7mt55QaZ7IRzNOMYjpQPKIM2qs5Ndv6r1qr1R2K+4cZJV4 OSlDjkav9NXtJyyLURomqNYdz01NMKHKcCZwWuxmGlPKRnSAHUsljVEHk/mxU3JulT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6DqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+RRuCt/zyKmlWK55b8R4uy7Xb PI4CnMIZXIAHV1CDe2iADww4PMMrvDnSeXHenY9F65qTz5zAHzifP+QCjhE=</latexit>
m = 0
<latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95h NqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5 VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95h NqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5 VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95h NqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5 VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXz F+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCFDcutwFaqkcpIYDMa3kz95h NqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/r53Z+DIcc5 VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit>
m 6= 0
<latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhf UY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrt UjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRky RReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhf UY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrt UjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRky RReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhf UY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrt UjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRky RReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhf UY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrt UjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRky RReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</latexit>
0  K < K1
<latexit sha1_base64="z5e1OKSyUeJkJ7w3E/MSqbdOmWg=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhCswp0 IWlgEbYQ0EcwHJEfY28wlS/Zuz905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5gWJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs2hwZVUuh0wA1LE0ECBEtqJBhYFElrB6Hbqt55AG6HiBxwn4EdsEItQcIZW6rhdCY+0dl3reb1S 2a24M9Bl4uWkTHLUe6Wvbl/xNIIYuWTGdDw3QT9jGgWXMCl2UwMJ4yM2gI6lMYvA+Nns5Ak9tUqfhkrbipHO1N8TGYuMGUeB7YwYDs2iNxX/8zophld+JuIkRYj5fFGYSoqKTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTTPK5 5b8e4vytWbPI4COSYn5Ix45JJUyR2pkwbhRJFn8kreHHRenHfnY9664uQzR+QPnM8fuI+QOA==</latexit><latexit sha1_base64="z5e1OKSyUeJkJ7w3E/MSqbdOmWg=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhCswp0 IWlgEbYQ0EcwHJEfY28wlS/Zuz905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5gWJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs2hwZVUuh0wA1LE0ECBEtqJBhYFElrB6Hbqt55AG6HiBxwn4EdsEItQcIZW6rhdCY+0dl3reb1S 2a24M9Bl4uWkTHLUe6Wvbl/xNIIYuWTGdDw3QT9jGgWXMCl2UwMJ4yM2gI6lMYvA+Nns5Ak9tUqfhkrbipHO1N8TGYuMGUeB7YwYDs2iNxX/8zophld+JuIkRYj5fFGYSoqKTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTTPK5 5b8e4vytWbPI4COSYn5Ix45JJUyR2pkwbhRJFn8kreHHRenHfnY9664uQzR+QPnM8fuI+QOA==</latexit><latexit sha1_base64="z5e1OKSyUeJkJ7w3E/MSqbdOmWg=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhCswp0 IWlgEbYQ0EcwHJEfY28wlS/Zuz905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5gWJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs2hwZVUuh0wA1LE0ECBEtqJBhYFElrB6Hbqt55AG6HiBxwn4EdsEItQcIZW6rhdCY+0dl3reb1S 2a24M9Bl4uWkTHLUe6Wvbl/xNIIYuWTGdDw3QT9jGgWXMCl2UwMJ4yM2gI6lMYvA+Nns5Ak9tUqfhkrbipHO1N8TGYuMGUeB7YwYDs2iNxX/8zophld+JuIkRYj5fFGYSoqKTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTTPK5 5b8e4vytWbPI4COSYn5Ix45JJUyR2pkwbhRJFn8kreHHRenHfnY9664uQzR+QPnM8fuI+QOA==</latexit><latexit sha1_base64="z5e1OKSyUeJkJ7w3E/MSqbdOmWg=">AAAB8nicbVA9SwNBEN3zM8avqKXNYhCswp0 IWlgEbYQ0EcwHJEfY28wlS/Zuz905IRz5GTYWitj6a+z8N26SKzTxwcDjvRlm5gWJFAZd99tZWV1b39gsbBW3d3b39ksHh02jUs2hwZVUuh0wA1LE0ECBEtqJBhYFElrB6Hbqt55AG6HiBxwn4EdsEItQcIZW6rhdCY+0dl3reb1S 2a24M9Bl4uWkTHLUe6Wvbl/xNIIYuWTGdDw3QT9jGgWXMCl2UwMJ4yM2gI6lMYvA+Nns5Ak9tUqfhkrbipHO1N8TGYuMGUeB7YwYDs2iNxX/8zophld+JuIkRYj5fFGYSoqKTv+nfaGBoxxbwrgW9lbKh0wzjjalog3BW3x5mTTPK5 5b8e4vytWbPI4COSYn5Ix45JJUyR2pkwbhRJFn8kreHHRenHfnY9664uQzR+QPnM8fuI+QOA==</latexit>
(A)
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FIG. 1. (color online) Schematic plot showing the canonical
phase diagram in the (∆, T ) plane for different domains of
K ≥ 0. The plot (A) corresponds to the range 0 < K <
K1 ≈ 2.775, where the transition line separating the ferro-
magnetic (ordered, m 6= 0 [see Eq. (3) for the definition of m])
and paramagnetic (disordered, m = 0) phase, is composed of
continuous (solid) and first order (dashed red) line segments
meeting at the tricritical point (green circle). Plot (B) is for
2.775 ≈ K1 < K < K2 ≈ 3.801, where additional to the fea-
tures described for K < K1, the first order line branches at
a triple point into the disordered phase, indicating a transi-
tion between two disordered phases with different quadrupole
moment. This branch terminates at a critical point (black
circle). Plot (C) is for K > K2, where the second order and
first order lines join at a critical end point rather than at a
tricritical one.
The rest of the paper is as follows: A brief outline of
the analysis of BEG model in the canonical ensemble is
presented in Sec. II, which allows us to display the phase
diagram in the relevant region of the parameter space.
The analysis is carried out for K < 0, for which the
4-th order transition point is present. In Sec. III, the
microcanonical analysis of the model is presented and
the fourth order point in this ensemble is identified. In
Sec. IV, we discuss in detail the microcanonical phase di-
agram around the fourth order critical point. Concluding
remarks are given in Sec. V.
II. CANONICAL PHASE DIAGRAM
In the following, we briefly outline the derivation of the
canonical phase diagram for negative K, where a fourth
order critical point is found to be present. Consider the
partition function of the system,
Z(β = 1/T,N) =
∑
{Si}
e−βH , (2)
3where H is as given in Eq. (1), with the Boltzmann con-
stant kB = 1. Let
m =
N∑
i=1
Si/N and q =
N∑
i=1
S2i /N, (3)
be the magnetization m and quadrupole moment q order
parameters, respectively. The partition function can be
calculated by converting the right hand side of Eq. (2)
into an integral using the Hubbard-Stratonovich trans-
formation. Making use of the gaussian identity,
eab
2
=
√
|a|
2pi
∫ ∞
−∞
dx e−|a|x
2+2sabx (4)
where s = 1 for a > 0 and s = i (the imaginary unit) for
a < 0, one can represent the partition function as
Z(β,N) =
Nβ
√−K
2pi
∑
{Si}
e−βN∆q ×
∞∫
−∞
∞∫
−∞
dx dy e−
βN
2 x
2+ βNK2 y
2+βNmx+βNKqiy, (5)
where x and y are the corresponding auxiliary fields.
Performing the sum over {Si} results in
Z(β,N) =
Nβ
√−K
2pi
∞∫
−∞
∞∫
−∞
dx dye−βNf˜(β,x,y), (6)
where,
βf˜(β, x, y) =
β
2
(x2 −Ky2)
− ln [1 + 2e−β∆+βKiy cosh(βx)] . (7)
The integration can be done using a saddle point anal-
ysis in terms of the variables x and y. Note that the
values x and iy which minimize βf˜(β, x, y), correspond
respectively to the equilibrium magnetization m, and the
quadrupole moment q, where the minimizing value of y
is purely imaginary. At the saddle point one obtains
x =
2 sinhβx
eβ∆−iβKy + 2 coshβx
, (8)
iy =
2 coshβx
eβ∆−iβKy + 2 coshβx
. (9)
Furthermore, for a non-zero magnetization (which cor-
responds to x 6= 0) the above relations also lead to the
expression:
iy = x cothβx. (10)
One will find these relations to be useful when character-
ising the phase diagram, as explained below.
To obtain the critical line one expresses y in terms of
x using Eq. (10) and expands the free energy f˜(β, x, y)
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FIG. 2. (color online) The canonical phase diagram in the
(∆, T ) plane for K = −0.4. Here, the continuous transition
line meets the first order line at a critical end point denoted
by PC2 (∆ ≈ 0.2972, T ≈ 0.1412). The first order line extends
into the ordered phase, where it marks a transition between
two ordered phases with different values of m and q, and ter-
minates at the critical point PC3 (∆ ≈ 0.29873, T ≈ 0.1544).
The zoomed in phase diagram close to this transition is plot-
ted in the inset.
about the paramagnetic solution x = 0 and iy = 1/β [see
Eqs. (8) and (10)] in powers of x,
f(β, x, y(x)) =fo +Acx
2 +Bcx
4 + Ccx
6 +Dcx
8 · · ·(11)
where f0 is the free energy value at x = 0,
Ac =
β
2
[
1− 2β
2 + eβ∆−K
]
(12)
and Bc, Cc and Dc are given by more complicated expres-
sions of β,∆ and K which are not displayed here. The
critical surface is obtained at Ac = 0, yielding
β = 1 +
1
2
eβ∆−K . (13)
The critical surface represents a locally stable solution as
long as Bc is positive. On the critical surface (Eq. (13))
the coefficient Bc takes the form
Bc =
β2
72
(2K + 3)[(2K + 3) + β(2K + 1)]. (14)
Thus the critical surface is stable for (3+2K)/(1+2K) >
β and it terminates on a tricritical line obtained at Bc =
0, namely, at
β =
3 + 2K
1 + 2K
. (15)
Equations (13) and (15) thus yield the tricritical line in
the 3-dimensional space spanned by (T,∆,K). This line
is stable as long as Cc > 0 and it terminates at a fourth
order critical point at which Cc = 0. On the tricritical
line, where Ac = Bc = 0, Cc takes the form
Cc =
β5
1620(β − 1)2 (9 + 2β − β
2). (16)
4It vanishes at β2 − 2β − 9 = 0. This equation, together
with (13) and (15), yields the fourth order critical point
T ∗ =(1 +
√
10)−1 ≈ 0.2402,
K∗ =(3T ∗ − 1)/[2(1− T ∗)] ≈ −0.1838, (17)
∆∗ =T ∗
(
K∗ + ln
[
2(1− T ∗)
T ∗
])
≈ 0.399.
In order to complete the phase diagram one has to find
the global minimum of the free energy f˜(β, x, y) which
is done numerically. In Fig. 2 the phase diagram in the
(∆, T ) plane for fixed K < K∗ is displayed. One finds in
the figure both ordered and disordered phases separated
by continuous (solid) and first order transition (dashed)
lines. The critical line terminates on the first order sur-
face at a critical end point denoted by PC2 . The first
order line is composed of two segments, one separating a
paramagnetic from a ferromagnetic phase, and the other
separating two magnetically ordered phases m1 and m2,
with m1 6= m2. This segment terminates at a critical
point, labelled as PC3 .
III. MICRO-CANONICAL ANALYSIS
In order to analyze the phase diagram of the model
within the microcanonical ensemble we note that the en-
ergy of any microscopic configuration can be expressed
in terms of only two parameters: the total number of
up-spins N+ and total number of down spins N−. The
number of spins taking the value S = 0, N0, is simply
related to N+ and N− by N+ + N− + N0 = N . The
energy (1), is thus given by
E = ∆Q− 1
2N
M2 − K
2N
Q2 (18)
where M = N+ −N− and Q = N+ +N−, which are the
magnetic and quadrupole moments respectively. To cal-
culate the entropy associated with the macroscopic state
defined by M and Q, one has to enumerate the possible
microscopic configurations W specified by the values of
N+, N− and N0. This is given by
W =
N !
N+!N−!N0!
. (19)
In the large N limit the entropy S = lnW is
S =−N [(1− q) ln(1− q) + 1
2
(q +m) ln(q +m)
+
1
2
(q −m) ln(q −m)− q ln 2], (20)
where m = M/N and q = Q/N are the single site
magnetic and quadrupole moments respectively. The en-
tropy at equilibrium can now be obtained by maximizing
Eq. (20) at a fixed energy value E.
Expressing the single site energy  = E/N in terms of
the single site macroscopic quantities m and q, Eq. (18)
becomes
q2 − 2 ∆
K
q +
2
K
+
m2
K
= 0. (21)
This allows a solution for q in terms of m and :
q± =
∆
K
±
√(
∆
K
)2
− 2
K
− m
2
K
. (22)
For given values of the parameters ∆ and K and of the
magnetization m, the energy  must be in a range such
that the expression under square root is not negative. For
K < 0, the only acceptable solution is q+, since q− is neg-
ative. Substituting the solution for q+ in the expression
for the entropy (20), one obtains the single site entropy
S/N = s˜+(,m) as a function of  and m. The equi-
librium entropy corresponds to the global maximum of
s˜+(,m) as a function of m, i.e., s+() = maxm[s˜+(,m)].
In order to find the critical and multicritical surfaces
of the phase diagram we expand the entropy s˜+(,m)
around the paramagnetic phase m = 0. The expansion
takes the form
s˜+(,m) =s0 +Amm
2 +Bmm
4 + Cmm
6 +
Dmm
8 +O(m10) + · · · (23)
where s0 is the zero magnetization entropy:
s0 = −(1− z+) ln(1− z+)− z+ ln z+ + z+ ln 2 (24)
with z+ = q+(m = 0). The expansion coefficients are
given by
Am = −a ln 2(1− z+)
z+
− 1
2z+
,
Bm = −Ka3 ln 2(1− z+)
z+
− a
2
2z+(1− z+) −
a
2z2+
− 1
12z3+
,
Cm = −2K2a5 ln 2(1− z+)
z+
− Ka
4
z+(1− z+)
+
a3(2z+ − 1)
6z2+(1− z+)2
− Ka
3
2z2+
− a
2
2z3+
− a
4z4+
− 1
30z5+
,
Dm = −5K3a7 ln 2(1− z+)
z+
− 5K
2a6
2z+(1− z+)
+
Ka5(2z+ − 1)
2z2+(1− z+)2
− a
4(1− 3z+ + 3z2+)
12z3+(1− z+)3
− K
2a5
z2+
−Ka
4
z3+
− a
3
2z4+
− Ka
3
4z4+
− a
2
2z5+
− a
6z6+
− 1
56z7+
, (25)
where the subscript m denotes the micro-canonical coef-
ficients and a = sgn(K)
(
4∆2 − 8K)− 12 .
The critical surface in the (,∆,K) space is obtained
at Am = 0 with Bm < 0, yielding
β =
1
2
exp[β∆−K] + 1, (26)
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FIG. 3. (color online) The tricritical line obtained from the micro-canonical analysis by solving for Am = Bm = 0 [see
Eq. (23)], plotted both in the (,K) plane [Panel (A)] and (,∆) plane [Panel (B)]. Solutions for the fourth order critical points,
∗1 ≈ 0.0835 and ∗2 ≈ 0.1313, are indicated by black dots.
where β is the microcanonical inverse temperature
β =
∂s˜+
∂
= ln
 2(1− q+)√
q2+ −m2
 ∂q+
∂
. (27)
Note that the expression of the critical surface is the same
as the one obtained for the canonical ensemble, as ex-
pected [7, 22].
Similarly the tricritical line marking the termination
of the critical surface, is obtained at Am = Bm = 0,
with Cm < 0. These equations can be solved and the
tricritical line in the (, ∆, K) space can be expressed
in terms of the parameter β as
K(β)=
3− β
2β − 2 ,
∆(β)= [K(β) + ln(2β − 2))]β−1, (28)
(β)=
∆(β)
2β
+
ln(2β − 2)
β2∆(β)
.
In Fig. 3 we represent the tricritical line by plotting K,
[Panel (A)] and ∆, [Panel (B)] as a function of .
The tricritical line terminates at the fourth order crit-
ical point which is obtained at Am = Bm = Cm = 0 with
Dm < 0. The three constraints yield a point in the pa-
rameter space. To find the solution to these equations we
plot (Fig. 4) the coefficients Cm and Dm as a function of
, along the tricritical line. One can see that there are two
solutions corresponding to two energy values, ∗1 ≈ 0.0835
and ∗2 ≈ 0.1313 at which the sixth order coefficient Cm
in the expansion vanishes. At both solutions the 8-th or-
der coefficient is Dm < 0 indicating that both are locally
stable solutions. We will see below that the only solution
which corresponds to a global maximum of the entropy
is ∗2. The other solution is preempted by a global max-
imum away from m = 0. Thus the fourth order critical
point of the microcanonical ensemble takes place at
∗2 ≈ 0.1313, ∆∗2 ≈ 0.4369, K∗2 ≈ −0.0828, (29)
0.06 0.08 0.10 0.12 0.14
²
−2
−1
0
1
2
²∗1 ²
∗
2
Dm
Cm
FIG. 4. (color online) The values of the coefficients Cm and
Dm [see Eq. (23)], plotted as a function of the energy per
particle , for the parameter values corresponding to the tri-
critical line (Am = Bm = 0). The fourth order critical points
can be read out from the figure, corresponding to Cm = 0 and
Dm < 0, with values 
∗
1 ≈ 0.0835 and ∗2 ≈ 0.1313.
which corresponds to T ∗ ≈ 0.2924. Comparing these val-
ues with the fourth order point found from the canonical
calculation (17) shows that that the two differ from each
other.
To complete the phase diagram one has to determine
the first order surfaces of the model. This is done by nu-
merically finding the global maximum of the entropy. Be-
fore analyzing the detailed phase diagram near the fourth
order critical point, which will be presented in the next
section, let us display the global features of the phase
diagram. A schematic phase diagram in the (∆, ) plane
for some values of K is given in Fig. 5. For K > K∗2 ,
the phase diagram consists of a transition line from a
paramagnetic to a ferromagnetically ordered phase which
6(A)
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<latexit  sha1_base64="s sxxscrscFDuELe uu/+9O0MDmKI="> AAAB73icbVDLSgN BEOyNrxhfUY9eBo PgKeyKoMegF48R zAOSJcxOepMhszP rzKwQQn7CiwdFvP o73vwbJ8keNLGgo ajqprsrSgU31ve /vcLa+sbmVnG7tL O7t39QPjxqGpVph g2mhNLtiBoUXGL DciuwnWqkSSSwFY 1uZ37rCbXhSj7Yc YphQgeSx5xR66R2 F1PDhZK9csWv+n OQVRLkpAI56r3yV 7evWJagtExQYzqB n9pwQrXlTOC01M0 MppSN6AA7jkqao Akn83un5MwpfRIr 7UpaMld/T0xoYsw 4iVxnQu3QLHsz8T +vk9n4OpxwmWYW JVssijNBrCKz50m fa2RWjB2hTHN3K2 FDqimzLqKSCyFYf nmVNC+qgV8N7i8 rtZs8jiKcwCmcQw BXUIM7qEMDGAh4h ld48x69F+/d+1i0 Frx85hj+wPv8AU zRkCA=</latexit ><latexit  sha1_base64="s sxxscrscFDuELe uu/+9O0MDmKI="> AAAB73icbVDLSgN BEOyNrxhfUY9eBo PgKeyKoMegF48R zAOSJcxOepMhszP rzKwQQn7CiwdFvP o73vwbJ8keNLGgo ajqprsrSgU31ve /vcLa+sbmVnG7tL O7t39QPjxqGpVph g2mhNLtiBoUXGL DciuwnWqkSSSwFY 1uZ37rCbXhSj7Yc YphQgeSx5xR66R2 F1PDhZK9csWv+n OQVRLkpAI56r3yV 7evWJagtExQYzqB n9pwQrXlTOC01M0 MppSN6AA7jkqao Akn83un5MwpfRIr 7UpaMld/T0xoYsw 4iVxnQu3QLHsz8T +vk9n4OpxwmWYW JVssijNBrCKz50m fa2RWjB2hTHN3K2 FDqimzLqKSCyFYf nmVNC+qgV8N7i8 rtZs8jiKcwCmcQw BXUIM7qEMDGAh4h ld48x69F+/d+1i0 Frx85hj+wPv8AU zRkCA=</latexit ><latexit  sha1_base64="s sxxscrscFDuELe uu/+9O0MDmKI="> AAAB73icbVDLSgN BEOyNrxhfUY9eBo PgKeyKoMegF48R zAOSJcxOepMhszP rzKwQQn7CiwdFvP o73vwbJ8keNLGgo ajqprsrSgU31ve /vcLa+sbmVnG7tL O7t39QPjxqGpVph g2mhNLtiBoUXGL DciuwnWqkSSSwFY 1uZ37rCbXhSj7Yc YphQgeSx5xR66R2 F1PDhZK9csWv+n OQVRLkpAI56r3yV 7evWJagtExQYzqB n9pwQrXlTOC01M0 MppSN6AA7jkqao Akn83un5MwpfRIr 7UpaMld/T0xoYsw 4iVxnQu3QLHsz8T +vk9n4OpxwmWYW JVssijNBrCKz50m fa2RWjB2hTHN3K2 FDqimzLqKSCyFYf nmVNC+qgV8N7i8 rtZs8jiKcwCmcQw BXUIM7qEMDGAh4h ld48x69F+/d+1i0 Frx85hj+wPv8AU zRkCA=</latexit ><latexit  sha1_base64="s sxxscrscFDuELe uu/+9O0MDmKI="> AAAB73icbVDLSgN BEOyNrxhfUY9eBo PgKeyKoMegF48R zAOSJcxOepMhszP rzKwQQn7CiwdFvP o73vwbJ8keNLGgo ajqprsrSgU31ve /vcLa+sbmVnG7tL O7t39QPjxqGpVph g2mhNLtiBoUXGL DciuwnWqkSSSwFY 1uZ37rCbXhSj7Yc YphQgeSx5xR66R2 F1PDhZK9csWv+n OQVRLkpAI56r3yV 7evWJagtExQYzqB n9pwQrXlTOC01M0 MppSN6AA7jkqao Akn83un5MwpfRIr 7UpaMld/T0xoYsw 4iVxnQu3QLHsz8T +vk9n4OpxwmWYW JVssijNBrCKz50m fa2RWjB2hTHN3K2 FDqimzLqKSCyFYf nmVNC+qgV8N7i8 rtZs8jiKcwCmcQw BXUIM7qEMDGAh4h ld48x69F+/d+1i0 Frx85hj+wPv8AU zRkCA=</latexit >
 
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpq vzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0f b/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwG Q1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4 KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0 GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMK bp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpq vzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0f b/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwG Q1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4 KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0 GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMK bp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpq vzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0f b/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwG Q1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4 KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0 GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMK bp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpq vzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0f b/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwG Q1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4 KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0 GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMK bp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>
m = 0
<latexit sha1_base64="szg8jpZL9enbdHgn7W tkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPIT bCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCF DcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVl ghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/ r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziK cATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7W tkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPIT bCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCF DcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVl ghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/ r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziK cATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7W tkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPIT bCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCF DcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVl ghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/ r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziK cATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn7W tkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveEEPIT bCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohEtyJqUHCF DcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvlr86vYRlEpVl ghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIxm5TkntwCx6U/E/ r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMnk8qwZ+Nbg7r9Su8ziK cATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</latexit>
m 6= 0
<latexit sha1_base64= "ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicb VDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZA mzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1 HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp 0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8x YrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyT MSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maW pYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JC pLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4 qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVN C+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgG V7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</late xit><latexit sha1_base64= "ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicb VDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZA mzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1 HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp 0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8x YrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyT MSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maW pYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JC pLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4 qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVN C+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgG V7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</late xit><latexit sha1_base64= "ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicb VDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZA mzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1 HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp 0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8x YrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyT MSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maW pYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JC pLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4 qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVN C+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgG V7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</late xit><latexit sha1_base64= "ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7nicb VDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZA mzk9lkyDyWmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1 HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp 0ZyhpUC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8x YrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4qyT MSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maW pYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK/bn6e2JC pLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4 qP3Z736fG0ZRjB0h1HB3q0+HxBCKLqGSCyFcfnmVN C+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgG V7hzUu9F+/d+1i0Frx85hj+wPv8Aesrj0c=</late xit>
Tricritical 
point
K > K⇤2
<latexit sha1_base64=" L8eFHhy3DASY660iZbQs/IdTDFc=">AAAB7nicbVDL SgNBEOz1GeMr6tHLYBDEQ9gNgp4k6EXIJYJ5QLKG2cl sMmR2dpnpFULIR3jxoIhXv8ebf+Mk2YMmFjQUVd10dw WJFAZd99tZWV1b39jMbeW3d3b39gsHhw0Tp5rxOotl rFsBNVwKxesoUPJWojmNAsmbwfB26jefuDYiVg84Srg f0b4SoWAUrdSsXle75cfzbqHoltwZyDLxMlKEDLVu4a vTi1kacYVMUmPanpugP6YaBZN8ku+khieUDWmfty1V NOLGH8/OnZBTq/RIGGtbCslM/T0xppExoyiwnRHFgVn 0puJ/XjvF8MofC5WkyBWbLwpTSTAm099JT2jOUI4soU wLeythA6opQ5tQ3obgLb68TBrlkueWvPuLYuUmiyMH x3ACZ+DBJVTgDmpQBwZDeIZXeHMS58V5dz7mrStONnM Ef+B8/gD/M46t</latexit><latexit sha1_base64=" L8eFHhy3DASY660iZbQs/IdTDFc=">AAAB7nicbVDL SgNBEOz1GeMr6tHLYBDEQ9gNgp4k6EXIJYJ5QLKG2cl sMmR2dpnpFULIR3jxoIhXv8ebf+Mk2YMmFjQUVd10dw WJFAZd99tZWV1b39jMbeW3d3b39gsHhw0Tp5rxOotl rFsBNVwKxesoUPJWojmNAsmbwfB26jefuDYiVg84Srg f0b4SoWAUrdSsXle75cfzbqHoltwZyDLxMlKEDLVu4a vTi1kacYVMUmPanpugP6YaBZN8ku+khieUDWmfty1V NOLGH8/OnZBTq/RIGGtbCslM/T0xppExoyiwnRHFgVn 0puJ/XjvF8MofC5WkyBWbLwpTSTAm099JT2jOUI4soU wLeythA6opQ5tQ3obgLb68TBrlkueWvPuLYuUmiyMH x3ACZ+DBJVTgDmpQBwZDeIZXeHMS58V5dz7mrStONnM Ef+B8/gD/M46t</latexit><latexit sha1_base64=" L8eFHhy3DASY660iZbQs/IdTDFc=">AAAB7nicbVDL SgNBEOz1GeMr6tHLYBDEQ9gNgp4k6EXIJYJ5QLKG2cl sMmR2dpnpFULIR3jxoIhXv8ebf+Mk2YMmFjQUVd10dw WJFAZd99tZWV1b39jMbeW3d3b39gsHhw0Tp5rxOotl rFsBNVwKxesoUPJWojmNAsmbwfB26jefuDYiVg84Srg f0b4SoWAUrdSsXle75cfzbqHoltwZyDLxMlKEDLVu4a vTi1kacYVMUmPanpugP6YaBZN8ku+khieUDWmfty1V NOLGH8/OnZBTq/RIGGtbCslM/T0xppExoyiwnRHFgVn 0puJ/XjvF8MofC5WkyBWbLwpTSTAm099JT2jOUI4soU wLeythA6opQ5tQ3obgLb68TBrlkueWvPuLYuUmiyMH x3ACZ+DBJVTgDmpQBwZDeIZXeHMS58V5dz7mrStONnM Ef+B8/gD/M46t</latexit><latexit sha1_base64=" L8eFHhy3DASY660iZbQs/IdTDFc=">AAAB7nicbVDL SgNBEOz1GeMr6tHLYBDEQ9gNgp4k6EXIJYJ5QLKG2cl sMmR2dpnpFULIR3jxoIhXv8ebf+Mk2YMmFjQUVd10dw WJFAZd99tZWV1b39jMbeW3d3b39gsHhw0Tp5rxOotl rFsBNVwKxesoUPJWojmNAsmbwfB26jefuDYiVg84Srg f0b4SoWAUrdSsXle75cfzbqHoltwZyDLxMlKEDLVu4a vTi1kacYVMUmPanpugP6YaBZN8ku+khieUDWmfty1V NOLGH8/OnZBTq/RIGGtbCslM/T0xppExoyiwnRHFgVn 0puJ/XjvF8MofC5WkyBWbLwpTSTAm099JT2jOUI4soU wLeythA6opQ5tQ3obgLb68TBrlkueWvPuLYuUmiyMH x3ACZ+DBJVTgDmpQBwZDeIZXeHMS58V5dz7mrStONnM Ef+B8/gD/M46t</latexit>
m = 0
<latexit sha1_base64="szg8jpZL9enbdHgn 7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dv eEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlo hEtyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVy FHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiT KUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdC sPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPF sY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn 7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dv eEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlo hEtyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVy FHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiT KUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdC sPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPF sY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn 7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dv eEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlo hEtyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVy FHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiT KUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdC sPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPF sY1y</latexit><latexit sha1_base64="szg8jpZL9enbdHgn 7WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dv eEEPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlo hEtyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVy FHvlr86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiT KUxIxm5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdC sPjyMnk8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPF sY1y</latexit>
m 6= 0
<latexit sha1_base64="ArJqeQ+2NOEmBCd3 q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyW mV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0Zyhp UC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4q yTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK /bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxB CKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85 hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3 q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyW mV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0Zyhp UC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4q yTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK /bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxB CKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85 hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3 q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyW mV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0Zyhp UC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4q yTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK /bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxB CKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85 hj+wPv8Aesrj0c=</latexit><latexit sha1_base64="ArJqeQ+2NOEmBCd3 q9zJD379qaI=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVjBPOAZAmzk9lkyDyW mV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t39QPjxqWp0Zyhp UC23aMbFMcMUayFGwdmoYkbFgrXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03gS9ciWoBnP4q yTMSQVy1Hvlr25f00wyhVQQazthkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/TOn9P1EG1cK /bn6e2JCpLVjGbtOSXBol72Z+J/XyTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1HB3q0+HxB CKLqGSCyFcfnmVNC+qYVANHy4rtds8jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i0Frx85 hj+wPv8Aesrj0c=</latexit>
 
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R 9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSk DDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyO AhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R 9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSk DDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyO AhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R 9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSk DDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyO AhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqvzq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R 9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7zCbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSk DDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1pH9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaMHKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyO AhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnMEfyB9/kDYIyO/A==</latexit>
✏
<latexit sha1_base64="ssxxscrs cFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKo MegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsr SgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWq kSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI 56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5M wpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKc wCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</l atexit><latexit sha1_base64="ssxxscrs cFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKo MegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsr SgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWq kSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI 56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5M wpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKc wCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</l atexit><latexit sha1_base64="ssxxscrs cFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKo MegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsr SgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWq kSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI 56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5M wpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKc wCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</l atexit><latexit sha1_base64="ssxxscrs cFDuELeuu/+9O0MDmKI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKo MegF48RzAOSJcxOepMhszPrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsr SgU31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVphg2mhNLtiBoUXGLDciuwnWq kSSSwFY1uZ37rCbXhSj7YcYphQgeSx5xR66R2F1PDhZK9csWv+nOQVRLkpAI 56r3yV7evWJagtExQYzqBn9pwQrXlTOC01M0MppSN6AA7jkqaoAkn83un5M wpfRIr7UpaMld/T0xoYsw4iVxnQu3QLHsz8T+vk9n4OpxwmWYWJVssijNBr CKz50mfa2RWjB2hTHN3K2FDqimzLqKSCyFYfnmVNC+qgV8N7i8rtZs8jiKc wCmcQwBXUIM7qEMDGAh4hld48x69F+/d+1i0Frx85hj+wPv8AUzRkCA=</l atexit>
4-th order 
critical pt.
K = K⇤2
<latexit sha1_base64="cEJUxaRvtprgod9LWjX9b+XXAEU=" >AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9gNgl6EoBchlwjmAckaZiezyZDZ2WWmVwghH+HFgyJe/R5v/o2TZA+aWNBQVHXT3RUkU hh03W9nZXVtfWMzt5Xf3tnd2y8cHDZMnGrG6yyWsW4F1HApFK+jQMlbieY0CiRvBsPbqd984tqIWD3gKOF+RPtKhIJRtFKzel3tlh /Pu4WiW3JnIMvEy0gRMtS6ha9OL2ZpxBUySY1pe26C/phqFEzySb6TGp5QNqR93rZU0Ygbfzw7d0JOrdIjYaxtKSQz9ffEmEbGjKL AdkYUB2bRm4r/ee0Uwyt/LFSSIldsvihMJcGYTH8nPaE5QzmyhDIt7K2EDaimDG1CeRuCt/jyMmmUS55b8u4vipWbLI4cHMMJnIEHl 1CBO6hBHRgM4Rle4c1JnBfn3fmYt6442cwR/IHz+QP9qo6s</latexit><latexit sha1_base64="cEJUxaRvtprgod9LWjX9b+XXAEU=" >AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9gNgl6EoBchlwjmAckaZiezyZDZ2WWmVwghH+HFgyJe/R5v/o2TZA+aWNBQVHXT3RUkU hh03W9nZXVtfWMzt5Xf3tnd2y8cHDZMnGrG6yyWsW4F1HApFK+jQMlbieY0CiRvBsPbqd984tqIWD3gKOF+RPtKhIJRtFKzel3tlh /Pu4WiW3JnIMvEy0gRMtS6ha9OL2ZpxBUySY1pe26C/phqFEzySb6TGp5QNqR93rZU0Ygbfzw7d0JOrdIjYaxtKSQz9ffEmEbGjKL AdkYUB2bRm4r/ee0Uwyt/LFSSIldsvihMJcGYTH8nPaE5QzmyhDIt7K2EDaimDG1CeRuCt/jyMmmUS55b8u4vipWbLI4cHMMJnIEHl 1CBO6hBHRgM4Rle4c1JnBfn3fmYt6442cwR/IHz+QP9qo6s</latexit><latexit sha1_base64="cEJUxaRvtprgod9LWjX9b+XXAEU=" >AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9gNgl6EoBchlwjmAckaZiezyZDZ2WWmVwghH+HFgyJe/R5v/o2TZA+aWNBQVHXT3RUkU hh03W9nZXVtfWMzt5Xf3tnd2y8cHDZMnGrG6yyWsW4F1HApFK+jQMlbieY0CiRvBsPbqd984tqIWD3gKOF+RPtKhIJRtFKzel3tlh /Pu4WiW3JnIMvEy0gRMtS6ha9OL2ZpxBUySY1pe26C/phqFEzySb6TGp5QNqR93rZU0Ygbfzw7d0JOrdIjYaxtKSQz9ffEmEbGjKL AdkYUB2bRm4r/ee0Uwyt/LFSSIldsvihMJcGYTH8nPaE5QzmyhDIt7K2EDaimDG1CeRuCt/jyMmmUS55b8u4vipWbLI4cHMMJnIEHl 1CBO6hBHRgM4Rle4c1JnBfn3fmYt6442cwR/IHz+QP9qo6s</latexit><latexit sha1_base64="cEJUxaRvtprgod9LWjX9b+XXAEU=" >AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDEQ9gNgl6EoBchlwjmAckaZiezyZDZ2WWmVwghH+HFgyJe/R5v/o2TZA+aWNBQVHXT3RUkU hh03W9nZXVtfWMzt5Xf3tnd2y8cHDZMnGrG6yyWsW4F1HApFK+jQMlbieY0CiRvBsPbqd984tqIWD3gKOF+RPtKhIJRtFKzel3tlh /Pu4WiW3JnIMvEy0gRMtS6ha9OL2ZpxBUySY1pe26C/phqFEzySb6TGp5QNqR93rZU0Ygbfzw7d0JOrdIjYaxtKSQz9ffEmEbGjKL AdkYUB2bRm4r/ee0Uwyt/LFSSIldsvihMJcGYTH8nPaE5QzmyhDIt7K2EDaimDG1CeRuCt/jyMmmUS55b8u4vipWbLI4cHMMJnIEHl 1CBO6hBHRgM4Rle4c1JnBfn3fmYt6442cwR/IHz+QP9qo6s</latexit>
 
<latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqv zq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6N k2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7z CbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1p H9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaM HKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnM EfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqv zq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6N k2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7z CbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1p H9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaM HKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnM EfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqv zq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6N k2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7z CbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1p H9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaM HKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnM EfyB9/kDYIyO/A==</latexit><latexit sha1_base64="ZWRIo6K/4YPaaJFpMuXpqv zq8as=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjUg8cI5gHJEmYnvcmY2ZllZlYIIf/gxYMiXv0fb/6N k2QPmljQUFR1090VpYIb6/vf3srq2vrGZmGruL2zu7dfOjhsGJVphnWmhNKtiBoUXGLdciuwlWqkSSSwGQ1vpn7z CbXhSj7YUYphQvuSx5xR66RG5xaFpd1S2a/4M5BlEuSkDDlq3dJXp6dYlqC0TFBj2oGf2nBMteVM4KTYyQymlA1p H9uOSpqgCcezayfk1Ck9EivtSloyU39PjGlizCiJXGdC7cAselPxP6+d2fgqHHOZZhYlmy+KM0GsItPXSY9rZFaM HKFMc3crYQOqKbMuoKILIVh8eZk0ziuBXwnuL8rV6zyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp7wX7937mLeuePnM EfyB9/kDYIyO/A==</latexit>
✏
<latexit sha1_ base64="ssxxscrscFDuELeuu/+9 O0MDmKI=">AAAB73icbVDLSgNBEO yNrxhfUY9eBoPgKeyKoMegF48RzA OSJcxOepMhszPrzKwQQn7CiwdFvP o73vwbJ8keNLGgoajqprsrSgU31v e/vcLa+sbmVnG7tLO7t39QPjxqGp Vphg2mhNLtiBoUXGLDciuwnWqkSS SwFY1uZ37rCbXhSj7YcYphQgeSx5 xR66R2F1PDhZK9csWv+nOQVRLkpA I56r3yV7evWJagtExQYzqBn9pwQr XlTOC01M0MppSN6AA7jkqaoAkn83 un5MwpfRIr7UpaMld/T0xoYsw4iV xnQu3QLHsz8T+vk9n4OpxwmWYWJV ssijNBrCKz50mfa2RWjB2hTHN3K2 FDqimzLqKSCyFYfnmVNC+qgV8N7i 8rtZs8jiKcwCmcQwBXUIM7qEMDGA h4hld48x69F+/d+1i0Frx85hj+wP v8AUzRkCA=</latexit><latexit sha1_ base64="ssxxscrscFDuELeuu/+9 O0MDmKI=">AAAB73icbVDLSgNBEO yNrxhfUY9eBoPgKeyKoMegF48RzA OSJcxOepMhszPrzKwQQn7CiwdFvP o73vwbJ8keNLGgoajqprsrSgU31v e/vcLa+sbmVnG7tLO7t39QPjxqGp Vphg2mhNLtiBoUXGLDciuwnWqkSS SwFY1uZ37rCbXhSj7YcYphQgeSx5 xR66R2F1PDhZK9csWv+nOQVRLkpA I56r3yV7evWJagtExQYzqBn9pwQr XlTOC01M0MppSN6AA7jkqaoAkn83 un5MwpfRIr7UpaMld/T0xoYsw4iV xnQu3QLHsz8T+vk9n4OpxwmWYWJV ssijNBrCKz50mfa2RWjB2hTHN3K2 FDqimzLqKSCyFYfnmVNC+qgV8N7i 8rtZs8jiKcwCmcQwBXUIM7qEMDGA h4hld48x69F+/d+1i0Frx85hj+wP v8AUzRkCA=</latexit><latexit sha1_ base64="ssxxscrscFDuELeuu/+9 O0MDmKI=">AAAB73icbVDLSgNBEO yNrxhfUY9eBoPgKeyKoMegF48RzA OSJcxOepMhszPrzKwQQn7CiwdFvP o73vwbJ8keNLGgoajqprsrSgU31v e/vcLa+sbmVnG7tLO7t39QPjxqGp Vphg2mhNLtiBoUXGLDciuwnWqkSS SwFY1uZ37rCbXhSj7YcYphQgeSx5 xR66R2F1PDhZK9csWv+nOQVRLkpA I56r3yV7evWJagtExQYzqBn9pwQr XlTOC01M0MppSN6AA7jkqaoAkn83 un5MwpfRIr7UpaMld/T0xoYsw4iV xnQu3QLHsz8T+vk9n4OpxwmWYWJV ssijNBrCKz50mfa2RWjB2hTHN3K2 FDqimzLqKSCyFYfnmVNC+qgV8N7i 8rtZs8jiKcwCmcQwBXUIM7qEMDGA h4hld48x69F+/d+1i0Frx85hj+wP v8AUzRkCA=</latexit><latexit sha1_ base64="ssxxscrscFDuELeuu/+9 O0MDmKI=">AAAB73icbVDLSgNBEO yNrxhfUY9eBoPgKeyKoMegF48RzA OSJcxOepMhszPrzKwQQn7CiwdFvP o73vwbJ8keNLGgoajqprsrSgU31v e/vcLa+sbmVnG7tLO7t39QPjxqGp Vphg2mhNLtiBoUXGLDciuwnWqkSS SwFY1uZ37rCbXhSj7YcYphQgeSx5 xR66R2F1PDhZK9csWv+nOQVRLkpA I56r3yV7evWJagtExQYzqBn9pwQr XlTOC01M0MppSN6AA7jkqaoAkn83 un5MwpfRIr7UpaMld/T0xoYsw4iV xnQu3QLHsz8T+vk9n4OpxwmWYWJV ssijNBrCKz50mfa2RWjB2hTHN3K2 FDqimzLqKSCyFYfnmVNC+qgV8N7i 8rtZs8jiKcwCmcQwBXUIM7qEMDGA h4hld48x69F+/d+1i0Frx85hj+wP v8AUzRkCA=</latexit>
m 6= 0
<latexit sha1_base64 ="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7n icbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVj BPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3Tp I9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t 39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbF grXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03 gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazt hkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/T On9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/X yTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1H B3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8 jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i 0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64 ="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7n icbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVj BPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3Tp I9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t 39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbF grXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03 gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazt hkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/T On9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/X yTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1H B3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8 jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i 0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64 ="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7n icbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVj BPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3Tp I9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t 39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbF grXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03 gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazt hkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/T On9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/X yTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1H B3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8 jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i 0Frx85hj+wPv8Aesrj0c=</latexit><latexit sha1_base64 ="ArJqeQ+2NOEmBCd3q9zJD379qaI=">AAAB7n icbVDLSgNBEOyNrxhfUY9eFoPgKeyKoBch6MVj BPOAZAmzk9lkyDyWmV4hhHyEFw+KePV7vPk3Tp I9aGJBQ1HVTXdXnApuMQi+vcLa+sbmVnG7tLO7t 39QPjxqWp0ZyhpUC23aMbFMcMUayFGwdmoYkbF grXh0N/NbT8xYrtUjjlMWSTJQPOGUoJNasqs03 gS9ciWoBnP4qyTMSQVy1Hvlr25f00wyhVQQazt hkGI0IQY5FWxa6maWpYSOyIB1HFVEMhtN5udO/T On9P1EG1cK/bn6e2JCpLVjGbtOSXBol72Z+J/X yTC5jiZcpRkyRReLkkz4qP3Z736fG0ZRjB0h1H B3q0+HxBCKLqGSCyFcfnmVNC+qYVANHy4rtds8 jiKcwCmcQwhXUIN7qEMDKIzgGV7hzUu9F+/d+1i 0Frx85hj+wPv8Aesrj0c=</latexit>
m = 0
<latexit sha1_base64="szg8jpZL9enbdHgn7 WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveE EPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohE tyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvl r86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIx m5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMn k8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</l atexit><latexit sha1_base64="szg8jpZL9enbdHgn7 WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveE EPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohE tyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvl r86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIx m5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMn k8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</l atexit><latexit sha1_base64="szg8jpZL9enbdHgn7 WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveE EPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohE tyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvl r86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIx m5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMn k8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</l atexit><latexit sha1_base64="szg8jpZL9enbdHgn7 WtkkZ9uroU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGNCaQHGFvM5cs2d07dveE EPITbCwUsfUX2flv3CRXaOKDgcd7M8zMi1LBjfX9b6+wsrq2vlHcLG1t7+zulfcPHk2SaYYNlohE tyJqUHCFDcutwFaqkcpIYDMa3kz95hNqwxP1YEcphpL2FY85o9ZJ9/LK75YrftWfgSyTICcVyFHvl r86vYRlEpVlghrTDvzUhmOqLWcCJ6VOZjClbEj72HZUUYkmHM9OnZATp/RInGhXypKZ+ntiTKUxIx m5TkntwCx6U/E/r53Z+DIcc5VmFhWbL4ozQWxCpn+THtfIrBg5Qpnm7lbCBlRTZl06JRdCsPjyMn k8qwZ+Nbg7r9Su8ziKcATHcAoBXEANbqEODWDQh2d4hTdPeC/eu/cxby14+cwh/IH3+QPFsY1y</l atexit>
m1
<latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhA s/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vw bJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7c xvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllI zrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThD OXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx8 5hj+wPv8AfrfjZU=</latexit><latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhA s/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vw bJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7c xvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllI zrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThD OXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx8 5hj+wPv8AfrfjZU=</latexit><latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhA s/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vw bJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7c xvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllI zrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThD OXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx8 5hj+wPv8AfrfjZU=</latexit><latexit sha1_base64="8mwmwTlTi4jYHpn0mixvhA s/zJM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vw bJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7c xvPXFjRaIfcZzyUNGBFrFgFJ30oHpBr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllI zrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThD OXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx8 5hj+wPv8AfrfjZU=</latexit>
m2
<latexit sha1_base64="zJXoG3FfXtPHNxGPrRXrrhOBksw =">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWNE84BkCbOT2WTIzOwy0yuEkE/w4kERr36RN//GSbIHTSxoKKq66 e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNskM4w2WyMS0I2q5FJo3UKDk7dRwqiLJW9Hodua3nrixItGPOE55qOhAi1gwi k56UL1qr1T2K/4cZJUEOSlDjnqv9NXtJyxTXCOT1NpO4KcYTqhBwSSfFruZ5SllIzrgHUc1VdyGk/mpU3LulD6JE+NKI5mrv ycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTpFF0Kw/PIqaVYrgV8J7i/Lt Zs8jgKcwhlcQABXUIM7qEMDGAzgGV7hzZPei/fufSxa17x85gT+wPv8AfxjjZY=</latexit><latexit sha1_base64="zJXoG3FfXtPHNxGPrRXrrhOBksw =">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWNE84BkCbOT2WTIzOwy0yuEkE/w4kERr36RN//GSbIHTSxoKKq66 e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNskM4w2WyMS0I2q5FJo3UKDk7dRwqiLJW9Hodua3nrixItGPOE55qOhAi1gwi k56UL1qr1T2K/4cZJUEOSlDjnqv9NXtJyxTXCOT1NpO4KcYTqhBwSSfFruZ5SllIzrgHUc1VdyGk/mpU3LulD6JE+NKI5mrv ycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTpFF0Kw/PIqaVYrgV8J7i/Lt Zs8jgKcwhlcQABXUIM7qEMDGAzgGV7hzZPei/fufSxa17x85gT+wPv8AfxjjZY=</latexit><latexit sha1_base64="zJXoG3FfXtPHNxGPrRXrrhOBksw =">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWNE84BkCbOT2WTIzOwy0yuEkE/w4kERr36RN//GSbIHTSxoKKq66 e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNskM4w2WyMS0I2q5FJo3UKDk7dRwqiLJW9Hodua3nrixItGPOE55qOhAi1gwi k56UL1qr1T2K/4cZJUEOSlDjnqv9NXtJyxTXCOT1NpO4KcYTqhBwSSfFruZ5SllIzrgHUc1VdyGk/mpU3LulD6JE+NKI5mrv ycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTpFF0Kw/PIqaVYrgV8J7i/Lt Zs8jgKcwhlcQABXUIM7qEMDGAzgGV7hzZPei/fufSxa17x85gT+wPv8AfxjjZY=</latexit><latexit sha1_base64="zJXoG3FfXtPHNxGPrRXrrhOBksw =">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWNE84BkCbOT2WTIzOwy0yuEkE/w4kERr36RN//GSbIHTSxoKKq66 e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNskM4w2WyMS0I2q5FJo3UKDk7dRwqiLJW9Hodua3nrixItGPOE55qOhAi1gwi k56UL1qr1T2K/4cZJUEOSlDjnqv9NXtJyxTXCOT1NpO4KcYTqhBwSSfFruZ5SllIzrgHUc1VdyGk/mpU3LulD6JE+NKI5mrv ycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTpFF0Kw/PIqaVYrgV8J7i/Lt Zs8jgKcwhlcQABXUIM7qEMDGAzgGV7hzZPei/fufSxa17x85gT+wPv8AfxjjZY=</latexit>
K < K⇤2
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Critical 
point
FIG. 5. (color online) Schematic microcanonical phase dia-
gram near to the fourth order critical point. The panels show
the phase diagrams in the (∆, ) plane for fixed K values.
Panel (A) displays a K > K∗2 plane where the ordered phase
(m 6= 0) and the disordered phase (m = 0) are separated
by two transition line segments: a continuous and a first or-
der transition line that merge at the tricritical point (green
circle). Panel (B) corresponds to K = K∗2 . It is similar to
panel (A), however the two segments of the transition line
join at a fourth order point rather than a tricritical one. In
panel (C), which corresponds to K < K∗2 the two segments
of the transition line join at a critical end point. The first or-
der transition line extends into the ordered phase indicating
transitions between two different ordered phases with magne-
tization values m1 and m2.
changes character from second order to first order at a
tricritical point. At K = K∗2 the tricritical point be-
comes a fourth order point, and for K < K∗2 the first
order line extends into the magnetically ordered phase
and the second order line terminates at a critical end
point. It is evident that the microcanonical (∆, ) phase
diagram is qualitatively similar to the canonical (∆, T )
as discussed in the preceding section. In the next section
we consider the detailed microcanonical phase diagram
near the fourth order critical point and present it in the
(T,∆,K) space, where the comparison with the canoni-
cal phase diagram reveals the inequivalence between the
two ensembles.
IV. MICROCANONICAL PHASE DIAGRAM
NEAR THE 4TH ORDER POINT
In this section, we consider the microcanonical phase
diagram near to the fourth order point. In particular we
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FIG. 6. (color online) The microcanonical phase diagrams in
the (∆, ) plane for a fixed value of K = −0.4. The locus of
continuous transition points in the plane is plotted as a solid
line (in blue) and the first order locus with dashed line (in
red). The first order transition line is seen to extend into the
ordered phase, indicating a transition between two ordered
phases. The continuous transition line terminates at P 2 (∆ ≈
0.2966,  ≈ 0.0459). The critical point P 3 (∆ ≈ 0.2987,  ≈
0.075) marks the termination of the first order line in the
ordered phase. The inset shows a zoomed in plot near the
region in the phase diagram close to the first order transition,
indicating the re-entrant behavior in the ordered phase, as
the energy is varied at fixed ∆.
discuss the phase diagram for K = −0.4 < K∗2 first in
the (∆, ) plane, and then in the (∆, T ) plane. The de-
tailed (∆, ) phase diagram is plotted in Fig. 6. It shows
a first order line which extends into the magnetically or-
dered phase and a critical line terminating at a critical
end point, as discussed in the preceding section. The in-
set of Fig. 6, which zooms onto the region where the two
lines meet, shows that the first order line curves back-
ward, resulting in re-entrant transitions as the energy is
increased for some narrow range of ∆. This will result
in some interesting features of the phase diagram when
plotted in the (∆, T ) plane.
In order to compare the phase diagrams of the two
ensembles we now re-plot the (∆, ) phase diagram of
Fig. 6 in the (∆, T ) plane. Since some of the interesting
features of the phase diagram show up in a rather nar-
row range of the parameters we first plot in Fig. 7 (A) a
schematic phase diagram on a broader scale. A zoomed
in non-schematic plot focused on the more interesting
region of the phase diagram is given in Fig. 7 (B). In
the microcanonical ensemble, a first order transition in
characterized by a temperature discontinuity. Thus in
the figure one notices that the first order transition is
represented by two lines which give the two temperature
values at the transition.
To get some insight into the phase diagram it is con-
venient to consider the caloric curve, and plot the tem-
perature as a function of  at fixed ∆. This is done for
two representative values of ∆: (i) ∆ = 0.2972, for which
7(A)
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PMC1<latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQ vEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25E fC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8Lgzy LFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g 9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0V o5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2 suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="azNHtXla9hu31H5n6eUq J3C3gkY=">AAAB5HicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpdONGqGAf0I4lk962oZnMmNwRytA/4caF Iv4md/4b08dCrQcCH+ck5N4TpUpa8v0vr7CxubW9U9wt7ZX3Dw4rR+WWTTIjsCkSlZhOxC0qqbFJkhR2UoM 8jhS2o0l9nref0FiZ6HuaphjGfKTlUApOzuo0+sFDfluf9StVv+YvxNYhWEEVVmr0K5+9QSKyGDUJxa3tBn 5KYc4NSaFwVuplFlMuJnyEXYeax2jDfDHvjJ05Z8CGiXFHE1u4P1/kPLZ2GkfuZsxpbP9mc/O/rJvR8CrM pU4zQi2WHw0zxShh8+XZQBoUpKYOuDDSzcrEmBsuyFVUciUEf1deh9ZFLfBrwZ0PRTiBUziHAC7hGm6gAU0 QoOAZXuHNe/RevPdlXQVv1dsx/JL38Q1Ah442</latexit><latexit sha1_base64="azNHtXla9hu31H5n6eUq J3C3gkY=">AAAB5HicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpdONGqGAf0I4lk962oZnMmNwRytA/4caF Iv4md/4b08dCrQcCH+ck5N4TpUpa8v0vr7CxubW9U9wt7ZX3Dw4rR+WWTTIjsCkSlZhOxC0qqbFJkhR2UoM 8jhS2o0l9nref0FiZ6HuaphjGfKTlUApOzuo0+sFDfluf9StVv+YvxNYhWEEVVmr0K5+9QSKyGDUJxa3tBn 5KYc4NSaFwVuplFlMuJnyEXYeax2jDfDHvjJ05Z8CGiXFHE1u4P1/kPLZ2GkfuZsxpbP9mc/O/rJvR8CrM pU4zQi2WHw0zxShh8+XZQBoUpKYOuDDSzcrEmBsuyFVUciUEf1deh9ZFLfBrwZ0PRTiBUziHAC7hGm6gAU0 QoOAZXuHNe/RevPdlXQVv1dsx/JL38Q1Ah442</latexit><latexit sha1_base64="mmKhttWbg/qlSY0a7prU O0FDIM0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAymsREimA9IzrC3mUuW7O2du3tCOPInbCwU sfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFcMmi0WsOgHVKLjEpuFGYCd RSKNAYDsY12d++wmV5rG8N5ME/YgOJQ85o8ZKnUbfe8hu69N+ueJW3TnIKvFyUoEcjX75qzeIWRqhNExQrb uemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/N4pObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia8 8jMuk9SgZItFYSqIicnseTLgCpkRE0soU9zeStiIKsqMjahkQ/CWX14lrYuq51a9O7dSu87jKMIJnMI5eHA JNbiBBjSBgYBneIU359F5cd6dj0VrwclnjuEPnM8fbwePjA==</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit><latexit sha1_base64="rjlEFNX4ix39qTi5CmoH mt3U6Yg=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24kWoYD+gjWWznbRLN5u4uxFK6J/w4kER r/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0 opFEgsBWMalO/9YRK81jem3GCfkQHkoecUWOldr3nPWS3tUmvVHYr7gxkmXg5KUOOeq/01e3HLI1QGiao1h 3PTYyfUWU4EzgpdlONCWUjOsCOpZJGqP1sdu+EnFqlT8JY2ZKGzNTfExmNtB5Hge2MqBnqRW8q/ud1UhNe +RmXSWpQsvmiMBXExGT6POlzhcyIsSWUKW5vJWxIFWXGRlS0IXiLLy+T5nnFcyve3UW5ep3HUYBjOIEz8OA SqnADdWgAAwHP8ApvzqPz4rw7H/PWFSefOYI/cD5/AHBHj5A=</latexit>
PMC2<latexit sha1_base64="TNJhws9SMDkMGUHhPxBe APbs2yI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY/BXLwIEcwDkjXMTjrJkNnZdWZWCEt+wosH Rbz6O978GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRagdUo+ASG4Ybge 1YIQ0Dga1gXJv5rSdUmkfy3kxi9EM6lHzAGTVWatd7lYf0tjbtFUtu2Z2DrBIvIyXIUO8Vv7r9iCUhSsME 1brjubHxU6oMZwKnhW6iMaZsTIfYsVTSELWfzu+dkjOr9MkgUrakIXP190RKQ60nYWA7Q2pGetmbif95nc QMrvyUyzgxKNli0SARxERk9jzpc4XMiIkllClubyVsRBVlxkZUsCF4yy+vkmal7Lll7+6iVL3O4sjDCZzC OXhwCVW4gTo0gIGAZ3iFN+fReXHenY9Fa87JZo7hD5zPH3HQj5E=</latexit><latexit sha1_base64="TNJhws9SMDkMGUHhPxBe APbs2yI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY/BXLwIEcwDkjXMTjrJkNnZdWZWCEt+wosH Rbz6O978GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRagdUo+ASG4Ybge 1YIQ0Dga1gXJv5rSdUmkfy3kxi9EM6lHzAGTVWatd7lYf0tjbtFUtu2Z2DrBIvIyXIUO8Vv7r9iCUhSsME 1brjubHxU6oMZwKnhW6iMaZsTIfYsVTSELWfzu+dkjOr9MkgUrakIXP190RKQ60nYWA7Q2pGetmbif95nc QMrvyUyzgxKNli0SARxERk9jzpc4XMiIkllClubyVsRBVlxkZUsCF4yy+vkmal7Lll7+6iVL3O4sjDCZzC OXhwCVW4gTo0gIGAZ3iFN+fReXHenY9Fa87JZo7hD5zPH3HQj5E=</latexit><latexit sha1_base64="TNJhws9SMDkMGUHhPxBe APbs2yI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY/BXLwIEcwDkjXMTjrJkNnZdWZWCEt+wosH Rbz6O978GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRagdUo+ASG4Ybge 1YIQ0Dga1gXJv5rSdUmkfy3kxi9EM6lHzAGTVWatd7lYf0tjbtFUtu2Z2DrBIvIyXIUO8Vv7r9iCUhSsME 1brjubHxU6oMZwKnhW6iMaZsTIfYsVTSELWfzu+dkjOr9MkgUrakIXP190RKQ60nYWA7Q2pGetmbif95nc QMrvyUyzgxKNli0SARxERk9jzpc4XMiIkllClubyVsRBVlxkZUsCF4yy+vkmal7Lll7+6iVL3O4sjDCZzC OXhwCVW4gTo0gIGAZ3iFN+fReXHenY9Fa87JZo7hD5zPH3HQj5E=</latexit><latexit sha1_base64="TNJhws9SMDkMGUHhPxBe APbs2yI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQY/BXLwIEcwDkjXMTjrJkNnZdWZWCEt+wosH Rbz6O978GyfJHjSxoKGo6qa7K4gF18Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUQwbLBKRagdUo+ASG4Ybge 1YIQ0Dga1gXJv5rSdUmkfy3kxi9EM6lHzAGTVWatd7lYf0tjbtFUtu2Z2DrBIvIyXIUO8Vv7r9iCUhSsME 1brjubHxU6oMZwKnhW6iMaZsTIfYsVTSELWfzu+dkjOr9MkgUrakIXP190RKQ60nYWA7Q2pGetmbif95nc QMrvyUyzgxKNli0SARxERk9jzpc4XMiIkllClubyVsRBVlxkZUsCF4yy+vkmal7Lll7+6iVL3O4sjDCZzC OXhwCVW4gTo0gIGAZ3iFN+fReXHenY9Fa87JZo7hD5zPH3HQj5E=</latexit> PMC3
<latexit sha1_base64="iiDusItgRMqYVHDg/2o CPYsRUik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMdgLl6ECOYByRpmJ51kyOzsOjMrhCU/4 cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJd cONwFaskIaBwGYwqk795hMqzSN5b8Yx+iEdSN7njBortWrd84f0tjrpFktu2Z2BLBMvIyXIUOsWvzq9i CUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzu6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGe tGbiv957cT0r/yUyzgxKNl8UT8RxERk+jzpcYXMiLEllClubyVsSBVlxkZUsCF4iy8vk8ZZ2XPL3t1FqX KdxZGHIziGU/DgEipwAzWoAwMBz/AKb86j8+K8Ox/z1pyTzRzCHzifP3NZj5I=</latexit><latexit sha1_base64="iiDusItgRMqYVHDg/2o CPYsRUik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMdgLl6ECOYByRpmJ51kyOzsOjMrhCU/4 cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJd cONwFaskIaBwGYwqk795hMqzSN5b8Yx+iEdSN7njBortWrd84f0tjrpFktu2Z2BLBMvIyXIUOsWvzq9i CUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzu6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGe tGbiv957cT0r/yUyzgxKNl8UT8RxERk+jzpcYXMiLEllClubyVsSBVlxkZUsCF4iy8vk8ZZ2XPL3t1FqX KdxZGHIziGU/DgEipwAzWoAwMBz/AKb86j8+K8Ox/z1pyTzRzCHzifP3NZj5I=</latexit><latexit sha1_base64="iiDusItgRMqYVHDg/2o CPYsRUik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMdgLl6ECOYByRpmJ51kyOzsOjMrhCU/4 cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJd cONwFaskIaBwGYwqk795hMqzSN5b8Yx+iEdSN7njBortWrd84f0tjrpFktu2Z2BLBMvIyXIUOsWvzq9i CUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzu6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGe tGbiv957cT0r/yUyzgxKNl8UT8RxERk+jzpcYXMiLEllClubyVsSBVlxkZUsCF4iy8vk8ZZ2XPL3t1FqX KdxZGHIziGU/DgEipwAzWoAwMBz/AKb86j8+K8Ox/z1pyTzRzCHzifP3NZj5I=</latexit><latexit sha1_base64="iiDusItgRMqYVHDg/2o CPYsRUik=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMdgLl6ECOYByRpmJ51kyOzsOjMrhCU/4 cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJd cONwFaskIaBwGYwqk795hMqzSN5b8Yx+iEdSN7njBortWrd84f0tjrpFktu2Z2BLBMvIyXIUOsWvzq9i CUhSsME1brtubHxU6oMZwInhU6iMaZsRAfYtlTSELWfzu6dkBOr9Eg/UrakITP190RKQ63HYWA7Q2qGe tGbiv957cT0r/yUyzgxKNl8UT8RxERk+jzpcYXMiLEllClubyVsSBVlxkZUsCF4iy8vk8ZZ2XPL3t1FqX KdxZGHIziGU/DgEipwAzWoAwMBz/AKb86j8+K8Ox/z1pyTzRzCHzifP3NZj5I=</latexit>
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FIG. 7. Panel (A): Schematic phase diagram in the (∆, T ) parameter space with fixed value of K < K∗2 to show the relevant
region in the plane where the transition is observed. In panel (B), the non-schematic phase diagram is plotted for K = −0.4;
this is an enlarged version of a section of the phase diagram [specified by the grey dashed square displayed in panel (A)]. In
both plots, the continuous transition line is shown as a solid curve and the first order transition lines as dashed curves. The
label PMC1 denotes the point in the parameter space, where the discontinuity in temperature vanishes. Furthermore, P
MC
2
represents the point at which the continuous transition line joins the first order line, and PMC3 is the critical point, where
the first order line terminates. The two vertical lines in panel (B) indicate fixed ∆ lines, ∆ = 0.2972 (red dotted line) and
∆ = 0.2964 (blue dotted line) along which the temperature profile is plotted as a function of  in Fig. 8. The labels {ai} and
{bi} correspond to the various transition points along the respective lines.
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FIG. 8. The temperature profile (caloric curve) for fixed val-
ues of K = −0.4 for (A) ∆ = 0.2972 (red dashed line) and
(B) ∆ = 0.2964 (blue dashed line) as a function of . In panel
(A), the discontinuities a1a2 and a4a5 correspond to first or-
der transitions and a3 to the continuous transition point. In
panel (B), the discontinuities b1b2 and b3b4 correspond to first
order transitions. Equivalent points in the T −∆ phase dia-
gram [Fig. 7 (B)] are marked by the same label for compari-
son.
two first order transitions and one second order transition
take place, and (ii) ∆ = 0.2964, where the second order
transition is absent. The first order transitions have to
do with the curved (re-entrant) shape of the first order
line in the (∆, T ) plane. The plots, Fig. 8 (A) and (B)
show T () for the two respective values of ∆.
Consider first Fig. 8 (A). At low energy (and low tem-
perature) the T () curve corresponds to a magnetically
ordered state. As the energy increases the temperature
undergoes a first order transition into a paramagnetic
phase in which the temperature drops discontinuously
from a1 to a2. At a higher value of the energy a second
order transition takes place at T = a3, where the system
becomes magnetically ordered again. By increasing the
energy even further, the other first order transition into a
magnetically ordered state with a different magnetization
is reached, in which the temperature drops from T = a4
to T = a5. In Fig. 8 B the corresponding behavior for
the lower value of ∆ is displayed. Here no second order
transition takes place, and there are two first order tran-
sitions: one is a transition from the magnetically ordered
state to the paramagnetic state at a low temperature, fol-
lowed by a re-entrant transition from the paramagnetic
state to the magnetically ordered one at a higher temper-
ature. The corresponding temperature drops are from b1
to b2 and from b3 to b4, respectively. By considering sim-
ilar curves at other values of ∆ one finds that for ∆ cor-
responding to the point PMC1 (∆ ≈ 0.2961, T ≈ 0.1244)
in Fig. 7 B the two first order transitions merge into a
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FIG. 9. The canonical and microcanonical (∆, T ) for K =
−0.4 < K∗2 superimposed. The canonical first order line
is shown as dot-dashed (red) while the corresponding mi-
crocanonical transition is represented by dashed lines. The
continuous transition line (solid blue line) terminates at PC2
(canonical) and at PMC2 (microcanonical) in the two ensem-
bles. The inset shows the enlarged version of the region (dot-
ted square in the main plot) where the first order transition
terminates within the ordered phase at a critical point. In
the inset the micro canonical and canonical critical points are
labeled as PMC3 and P
C
3 respectively.
single continuous transition where no discontinuity takes
place. At a higher value of ∆, corresponding to that of
PMC3 (∆ ≈ 0.29871, T ≈ 0.1540) in Fig. 7 B, the first
order transition between the two ordered phases termi-
nates at a critical point, and no such transition exists at
higher values of ∆.
To compare the canonical and microcanonical phase
diagrams, we superimpose in Fig. 9 the two (∆, T ) phase
diagrams for K = −0.4. As is clear from the figure the
canonical continuous transition line from the disordered
phase coincide with the microcanonical one. The first
order lines separating the disordered and the ordered
phases are different in the two ensembles but they re-
main close to each other. The critical end points in the
two phase diagrams are distinct, with (∆ ≈ 0.2966, T ≈
0.1419) at the canonical point PC2 , and (∆ ≈ 0.2972, T ≈
0.1412) at the microcanonical one PMC2 . The two points
are very close to each other. Note that in the micro-
canonical case the first order line exhibits a discontinuity
in its slope at the critical end point, a feature which is
absent in the canonical line, whose slope is continuous at
the corresponding critical end point. The zoomed in plot
on the transition lines within the ordered phase shows
that the canonical first order line terminates at a criti-
cal point PC3 with (∆ ≈ 0.29873, T ≈ 0.1544) which is
close by, but distinct from the microcanonical one PMC3
located at (∆ ≈ 0.29871, T ≈ 0.1540).
The different phases that we observe along the caloric
curve [see Fig. 8], correspond to the values of m at which
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FIG. 10. The entropy function s˜+(,m) plotted as a function
of m for K = −0.4 and for ∆ = 0.2972 (left panels) and
∆ = 0.2964 (right panels), for different values of . In the
left [right] panels each plot represents the profile of s˜+(,m)
in the different phases highlighted in Fig. 8(A)[(B)] as one
varies  at fixed values of ∆ = 0.2972 [∆ = 0.2964]. In the
plots, the maxima of the finite m branch (the branch on the
right) in s˜+(,m) are not visible, but can be seen as we zoom
in.
the entropy function s˜+(,m) is maximized. This is illus-
trated by plotting s˜+(,m) as a function of m for given
values of ∆ as  is changed. In Fig. 10 we show the plots
for s˜+(,m) for the same values of ∆ considered earlier.
Due to symmetry between m and −m, it is sufficient
to consider the positive domain of m. The left panels of
Fig. 10 are for ∆ = 0.2972. As also denoted in Fig. 8 (A),
for small values of , s˜+(,m) maximizes at non-zero m.
At higher values of  the maximum changes discontinu-
ously to m = 0 [indicated by the discontinuity in T in
Fig. 8 (A)] corresponding to the intermediate disordered
phase. As  is increased to larger values, a continuous
transition to a disordered phase takes place, followed by
a first order transition to a different magnetically ordered
phase. A closely similar profile is observed for ∆ = 0.2964
as seen in the right panels of Fig. 10. However, it lacks
the continuous transition for intermediate values of  but
only displays two first order transitions [Also shown in
Fig. 8 B)].
9V. CONCLUSIONS
In this paper we studied the microcanonical phase dia-
gram of the infinite range Blume-Emery-Griffiths model
for negative bi-quadratic exchange K < 0, where the
canonical phase diagram has been shown to exhibit a
fourth order critical point. Studying the phase diagram
of a model near its higher order critical point is of par-
ticular interest since, as usual, each type of high order
critical point displays distinct characteristic features of
the phase diagram around it. These features tend to per-
sist in quite a broad range of the model parameter space.
The study of the high order critical point of a model thus
provide valuable information on its global phase diagram.
We find that like the canonical phase diagram, the mi-
crocanonical phase diagram exhibits a fourth order crit-
ical point at different coordinates (T,∆,K) compared
with the canonical one. This enables one to compare
the two phase diagrams around this point, as is seen in
Fig. 2 and Fig. 7. In the vicinity of the microcanonical
fourth order point the transition from the paramagnetic
to the ferromagnetic phase can be either continuous or
first order. The first order transition extends into the fer-
romagnetic phase, thus separating two different magnet-
ically ordered phases. This transition surface is curved
and leads to re-entrant transitions as the energy is var-
ied keeping the parameters of the model (∆,K) fixed.
For example, depending on these parameters, as one in-
creases the energy, one may find a sequence of three phase
transitions: a first order transition from m 6= 0 to m = 0,
followed by a continuous transition to a phase with m 6= 0
and then followed by another transition separating two
magnetically ordered phases. For certain other param-
eter values the continuous transition is absent and one
encounters a sequence of two first order transitions. At
the first order transitions the temperature changes dis-
continuously. This rich phase diagram is quite different
from its canonical counterpart, including the presence of
singular points of first order transition without a temper-
ature discontinuity.
A closely related model to (1) has been studied in [20]
where the BEG model with nearest neighbor couplings
(both J and K) has been considered within the mean-
field approximation in the canonical ensemble. While for
positive bi-quadratic exchange K > 0 the model is equiv-
alent to the model considered in the present study and
yields the same phase diagram as that of (1), for K < 0
the model exhibits other types of order besides the fer-
romagnetic one. In particular, for negative and large K,
other phases with ferrimagnetic or antiquadrupolar order
have been observed. The phase diagram in this domain
becomes rather complex with a variety of transitions be-
tween the different ordered phases. It would be of interest
to extend the present study of the microcanonical phase
diagram in the large and negative K regime of the model
studied in [20] and compare it with the canonical one.
ACKNOWLEDGMENTS
We thank N. Defenu for discussions. Support by a
research grant from the Center for Scientific Excellence
at the Weizmann Institute of Science is gratefully ac-
knowledged. AC acknowledges financial support from
INFN (Istituto Nazionale di Fisica Nucleare) through the
projects DYNSYSMATH and ENESMA.
[1] A. Campa, T. Dauxois, D. Fanelli, and S. Ruffo, Physics
of Long-Range Interacting Systems (Oxford University
Press, Oxford, 2014).
[2] T. Dauxois, S. Ruffo, E. Arimondo, and M. Wilkens
(Eds.), Dynamics and Thermodynamics of Systems with
Long-Range Interactions, Lecture Notes in Physics Vol.
602 (Springer, New York, 2002).
[3] P.-H. Chavanis, in Dynamics and Thermodynamics of
Systems with Long-Range Interactions, Lecture Notes in
Physics Vol. 602, edited by T. Dauxois, S. Ruffo, E. Ari-
mondo, and M. Wilkens (Springer, New York, 2002) p.
208.
[4] T. Padmanabhan, Phys. Rep. 188, 285 (1990).
[5] L. D. Landau and E. M. Lifshitz, Electrodynamics of
Continuous Media (Pergamon Press, Oxford, 1960).
[6] D. R. Nicholson, Introduction to Plasma Theory (Krieger
Publishing Company, 1992).
[7] A. Campa, T. Dauxois, and S. Ruffo, Phys. Rep. 480, 57
(2009).
[8] F. Bouchet, S. Gupta, and D. Mukamel, Physica A 389,
4389 (2010).
[9] T. Misawa, Y. Yamaji, and M. Imada, J. Phys. Soc.
Japan 75, 064705 (2006).
[10] F. Borgonovi, G. L. Celardo, M. Maianti, and E. Peder-
soli, J. Stat. Phys. 116, 1435 (2004).
[11] D. Mukamel, S. Ruffo, and N. Schreiber, Phys. Rev. Lett.
95, 240604 (2005).
[12] D. Lynden-Bell, Mon. Not. R. Astron. Soc. 136, 101
(1967).
[13] P.-H. Chavanis, J. Sommeria, and R. Robert, Astrophys.
J. 471, 385 (1996).
[14] V. Latora, A. Rapisarda, and S. Ruffo, Phys. Rev. Lett.
83, 2104 (1999).
[15] Y. Y. Yamaguchi, J Barre´, F. Bouchet, T. Dauxois, and
S. Ruffo, Physica A 337, 36 (2004).
[16] M. Blume, V. J. Emery, and R. B. Griffiths, Phys. Rev.
A 4, 1071 (1971).
[17] D. Mukamel and M. Blume, Phys. Rev. A 10, 610 (1974).
[18] S. Krinsky and D. Mukamel, Phys. Rev. B 11, 399 (1975).
[19] J. Lajzerowicz and J. Sivardie`re, Phys. Rev. A 11, 2079
(1975).
[20] W. Hoston and A. N. Berker, Phys. Rev. Lett. 67, 1027
(1991).
[21] V. V. Hovhannisyan, N. S. Ananikian, A. Campa, and S.
Ruffo, Phys. Rev. E 96, 062103 (2017).
[22] J. Barre´, D. Mukamel, and S. Ruffo, Phys. Rev. Lett. 87,
030601 (2001).
